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Abstract

Let a © b = max(a,b) and a® b = a + b for a,b € R := RU {—c0}.
By max-algebra we understand the analogue of linear algebra developed
for the pair of operations (®,®), extended to matrices and vectors. The
symbol A* stands for the k' max-algebraic power of a square matrix
A. Let us denote by e any vector whose every component is —oco. The
max-algebraic eigenvalue-eigenvector problem is the following: Given A €
ﬁnxn, find A € R, z € R,z # e such that A®z = A®z. Certain problems
of industrial production lead to the following task: Given A € @nxn, is
there a k such that A* @ x is a max-algebraic eigenvector of A? If the
answer is affirmative for every x # ¢ then A is called robust. We present
a description of the sets of all eigenvalues and eigenvectors for a given

matrix A and then derive characterisations of robust matrices.
1 Introduction

Let a ® b = max(a,b) and a @ b= a + b for a,b € R := RU {—o00}. Obviously,
—oo plays the role of a neutral element for &. Throughout the paper we denote
—o0 by € and for convenience we also denote by the same symbol any vector or
matrix whose every component is —oo. If @ € R then the symbol a~! stands for
—a.

By maz-algebra we understand the analogue of linear algebra developed for
the pair of operations (®,®), extended to matrices and vectors. That is if
A = (a;;), B = (b;;) and C = (¢;;) are matrices of compatible sizes with entries

from R, we write C = A® B if ¢;; = a;; ®b;j for alli,j and C = A® B if ¢;; =
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E? aik @by; = maxy(a;,+by;) for all i,j. If @ € R then a® A = (@ ® a;;). If A
is a square matrix then the iterated product A® A®...® A in which the symbol
A appears k-times will be denoted by A*. We also denote I'(4) = A® A2 @ ... .

A square matrix is called diagonal, notation diag(dy,...,d,), if its diago-
nal entries are dy,...,d, and off-diagonal entries are €. We also denote [ =
diag(0, ...,0). Obviously, A® I =T ® A = A whenever A and I are of compati-
ble sizes. By definition A° = I for any square matrix A.

An ordered pair D = (N, F) is called a digraph if N is a non-empty set (of
nodes) and F' C N x N (the set of arcs). A sequence m = (v1, ..., vp) of nodes is
called a path (in D) if p=1orp>1and (v;,v;4+1) € Fforalli=1,...p— 1.
The node vy is called the starting node and v, the endnote of m, respectively.
If there is a path in D with starting node v and endnote v then we say that v
is reachable from u, notation ©v — v. Thus v — wu for any u € N. As usual a
digraph D is called strongly connected if u — v and v — u for any nodes u, v in
D. A path (v1,...,vp) is called a cycle if v1 = v, and p > 1 and it is called an
elementary cycle if, moreover, v; # v; for i,5 =1,...,p— 1,4 # j.

In the rest of the paper N = {1,...,n}. The digraph associated with A =

=NnXn

(aij) eR is
Dy = (N7{(ivj);aij > 5})

The matrix A is called irreducible if D 4 is strongly connected, reducible other-
wise. Thus, every 1 x 1 matrix is irreducible.

The max-algebraic eigenvalue-eigenvector problem (briefly eigenproblem) is
the following:

Given A ERnxn, find N\ER, x € Rn,x # ¢ such that AR T =)\Q x.

This problem has been studied since the 1960’s [10]. One of the motivations
was the following analysis of the steady-state behaviour of production systems:
Suppose that machines My, ..., M,, work interactively and in stages. In each
stage all machines simultaneously produce components necessary for the next
stage of some or all other machines. Let x;(r) denote the starting time of
the rt"stage on machine i (i = 1,...,n) and let a;; denote the duration of the
operation at which machine M; prepares the component necessary for machine
M; in the (r 4+ 1)st stage (1,7 = 1,...,n). Then

zi(r+1) =max(z1(r) + a1, ooy n(r) + ain) E=1,...,0;7=0,1,...)
or, in max-algebraic notation
z(r+1)=A®z(r) (r=0,1,..)

where A = (a;;) is called a production matriz. We say that the system reaches
a steady state if it eventually moves forward in regular steps, that is if for some
A and 79 we have z(r +1) = A® x(r) for all » > r¢. Obviously, a steady state is
reached immediately if 2(0) is an eigenvector of A corresponding to an eigenvalue
A. However, if the choice of a start-time vector is restricted we may need to find
out for which vectors a steady state will be reached. A particular task is to
characterise those production matrices for which a steady state is reached with



any start-time vector. In accordance with the terminology in control theory
such matrices are called robust and it is the primary objective of the present
paper to provide a characterisation of such matrices. Note that this task for
irreducible matrices has been solved in [7].

Full solution of the eigenproblem in the case of irreducible matrices has
been presented in [11] and [16], see also [22]. A general spectral theorem for
reducible matrices was presented in [13] and [3]. In Section 2 we provide a proof
of this theorem which enables us to analyse the set of eigenvectors and give
answers in Section 3 to some specific questions related to the finiteness of the
eigenvectors. These results are compared with those for non-negative matrices
in conventional linear algebra. We also show how to efficiently find a basis of the
eigenspace corresponding to an eigenvalue. These results are used in Section 4 to

provide a characterisation of robustness for reducible matrices, thus completing
—=—nXn

the solution of this question for all A e R .

Unless stated otherwise, we assume everywhere in this paper that n > 1 is
an integer, A = (a;5) € R""and A € R. Let us define

V(AN ={zeR A0z =A@z},

A(A) ={A R V(A,N) # {e}},

V4 = U V(AW
AEA(A)
VH(AN) = V(A4 NR",
V) = V(A)NR"

n

Note that if A = then A(A) = {e} and V(4) =R .

A set S CR" is called a (maz-algebraic) subspace if u,v € S, o, 3 € R imply
a®@ud v e S Itis easily seen that V(A, ) (the set containing ¢ and all
eigenvectors of A corresponding to \, if any) is a subspace for all A € R.

Let S C R" be a subspace. A vector v € R" is called an extremal in S if
v=u®w for u,v € S implies v = v or v = w. We say that vy,...,v,, € S is a
basis of S if

1. v,..., vy, are extremals in S and
2. for every v € S we have v = Z? a; @ v; for some ayq, ..., € R.

If # = (i1,...,4p) is a path in D4 then the weight of 7 is w(mw, A) = a;y4, +
Qigiz + .. +ai, i, if p > 1 and € if p = 1. The symbol A\(A) stands for the
mazximum cycle mean of A, that is if D4 has at least one cycle then

AMA) = mgxﬂ(a—7 A), (1)



where the maximisation is taken over all cycles in D4 and

o, A) = M (2)

k
denotes the mean of the cycle o = (i1, ...,1k,41). Note that A(A) remains un-
changed if the maximisation in (1) is taken over all elementary cycles. If D4 is
acyclic we set A\(A) = . Various algorithms for finding A(A) exist. One of them
is Karp’s [18] of computational complexity O(nm) where m is the number of
finite entries in A (or, equivalently the number of arcs in D 4).

A is called definite if A(A) = 0. It is easily seen that V(a® A) = V(A) and
Ma® A) = a® \(A) for any a € R. Hence A\(A)~! ® A is definite whenever
A(A) > e.

The notation A = (aq, ..., a,) means that ay, ..., a, are the column vectors of
A. If A is definite then I'(A) = A® A? @ ... & A™ [11]. In this case ['(A) = (g;5)
is the matrix of the lengths of the longest paths in D4 and so, specifically, if
I'(A) = (¢1,...,9n) then g; is the vector of the lengths of the longest paths to
node i (i =1,...,n) [11]. T(A) is called a metric matriz; it can be found using
the Floyd-Warshall algorithm using O(n?) operations [12].

We also denote E(A) = {i € N;30 = (i = i1,...,0k,91) : (0, A) = A(A)}.
The elements of F(A) are called eigen-nodes (of A), or critical nodes. A cycle
o is called critical if u(o, A) = A(A). The critical digraph of A is the digraph
C(A) with the set of nodes N; the set of arcs is the union of the sets of arcs
of all critical cycles. It is well known that all cycles in a critical digraph are
critical [7]. Two nodes ¢ and j in C(A) are called equivalent (notation i ~ j) if
i and j belong to the same critical cycle of A.

Note that if A\(A) = € then A(A) = {e} and the eigenvectors of A are exactly
vectors (1, ...,2,)" € R such that z; = ¢ whenever the j** column of A is not
¢ (clearly in this case at least one column of A is ). We will therefore usually
assume that A(A4) > e.

Theorem 1.1 [11] Suppose A = (a;j) € R""
A) = (9ij) = (91, -, 9n). Then

OZEE(A) — ¢;; =0

AA) > e and T(MA) ' ®

o Ifi,j e E(A) then g = a® g; for some a € R if and only if i ~ j.

Ifi,j € E(A) and ¢g; = a ® g; then g; and g; are called equivalent. Clearly,
~ constitutes a relation of equivalence in N.

—nXn

Theorem 1.2 [1] Suppose A = (a;;) € R A(A) > e and T((MN(A)) '@ A4) =
(915, gn). Then we obtain a basis of V (A, A(A)) by taking exactly one g; for
each equivalence class.

Being motivated by Theorem 1.2 the vectors g;, i € E(A), will be called the
fundamental eigenvectors of A (FEV).



Theorem 1.3 (Cuninghame-Green [11], Theorem 25.9) Suppose A = (a;j) €

=NnXn

R, A#e. Then the following hold:

1. VH(A) C V(A A(A)).

2. V*T(A) # 0 if and only if A(A) > ¢ and in D4 there is

(Vj € N)(3i € E(A))j — i.
3. If, moreover, VT (A) # () then
VA ={ Y ® ® gi;a; € R}
i€B(A)
where D(A(A) ™' @ 4) = (g1, .-, gn)-

Corollary 1.1 A irreducible = V1 (A) # 0.

As we will see later (Theorem 2.1) in fact V(A) = VT (A)U{e} = V(4,\(4))
and thus A(A) = {A(A)} if A is irreducible. The fact that A(A) is the unique
eigenvalue of an irreducible matrix A was proved in [10] and then independently
n [22]. The description of VT (A) for irreducible matrices as given in part 3 of
Theorem 1.3 was also proved in [16].

Obviously

VI(A) U{e} = {T(MA) @A) @22 € R", z; = ¢ for all j ¢ E(A)}.

and also, if non-empty,
52
VT(A)={ Z a; ® gi; o € R}
i€E*(A)

where E*(A) is any maximal set of indices of non-equivalent FEV of A.

If
1 <4 <ig <o < g §n7K:{i1,...,ik} CN

then A[K] denotes the principal submatrix
Ajq4q v Qg

iy oor Qg

of the matrix A = (a;;) and z[K] denotes the subvector (z;,,...,z;, )7 of the
vector = = (z1,...,2,)T € R,
If D = (N,E) is a digraph and K C N then D[K] denotes the induced
subgraph of D, that is
DIK] = (K,EN (K x K)).

Obviously, D aix) = D[K].



2 Finding All Eigenvalues

The symbol A ~ B means that A can be obtained from B by a simultaneous
permutation of rows and columns. Recall that D4 can be obtained from Dpg by
a renumbering of the nodes if A ~ B. Hence if A ~ B then A is irreducible if
and only if B is irreducible.

It is obvious that if A ® x = A ®  and a matrix B arises from A by a
simultaneous permutation of the rows and columns then the same permutation
applied to the components of x yields a vector y such that By = A®y. Hence:

Lemma 2.1 A(A) = A(B) if A ~ B and there is a bijection between V(A) and
V(B).

The following lemma is of a special significance for the rest of the paper.

Lemma 2.2 Let A= (a;) € R A€ AA) andz € V(A N). Ifz ¢ V(AN

then n > 1,
A0 ¢
A~ < A4CD  422) ) :
A= M(A®P?) and hence A is reducible.

Proof. Permute the rows and columns of A simultaneously so that the vector

1)
arising from z by the same permutation of its components is z’ = < i(z) ) ,

where z(1) = ¢ € R”, 2 € R*" P for some p (I1<p<mn)and A ~ A =
AL A~12)
AL p(22)

yields blockwise:

> , where A is p x p. The equality A’ @ 2/ = A\ ® 2/ now

A2 @ — .
AP @42 = Ngz®

Since () is finite, it follows from Theorem 1.3 that A = A(A(?)); also clearly
A2 = m

Theorem 2.1 Let A = (a;;) € R"™™. Then V(A) = VT (A) if and only if A is
irreducible.

Proof. It remains to prove the "only if" part since the "if" part follows from

A22)
where A(??) is irreducible. By setting A = AA®?), 2?2 € V*t(Ay),z =
< xfg) ) € R" we see that z € V(A) — VT (4). m

(an
Lemma 2.2 immediately. If A is reducible thenn > 1 and A ~ ( ﬁ(m) € ) ’



Every matrix A = (a;;) € R"™" can be transformed in linear time by si-
multaneous permutations of the rows and columns to a Frobenius normal form
(FNF) [20]

A11 9 ces 9
A21 A22 e (3)
Arl A'r2 Arr

where Aq1,..., A, are irreducible square submatrices of A. If A is in an FNF
then the corresponding partition of the node set N of D4 will be denoted as
Ny, ..., N, and these sets will be called classes (of A). It follows that each of the
induced subgraphs D4[N;] (i = 1,...,7) is strongly connected and an arc from
N; to Nj in D4 exists only if ¢ > j. As a slight abuse of language we will also
say for simplicity that A\(A,;) is the eigenvalue of IV;.

If Aisin an FNF, say (3), then the condensation digraph, notation C4, is
the digraph ({N1,..., No.}, {(Ns, N;); (3k € N;)(3¢ € Nj)age > €}).

The symbol N; — N; means that there is a directed path from a node in
N; to anode in N; in Dy (and therefore from each node in N; to each node in
N;). Equivalently, there is a directed path from N; to N; in C4.

If there are neither outgoing nor incoming arcs from or to an induced sub-
graph C4[{N;,....,N;,}] (1 < i1 < ... <is <7) and no proper subdigraph has
this property then the submatrix

Ai] i1 9 vee 3
Ai2i1 Aigig cee 3
A’isil Aisiz Ais’is

is called an isolated superblock (or just superblock). The induced subdigraph
of C4 corresponding to an isolated superblock is a directed tree (though the
underlying undirected graph is not necessarily acyclic). Cy4 is the union of a
number of such directed trees. The nodes of C'4 with no incoming arcs are called
the initial classes, those with no outgoing arcs are called the final classes. Note
that the directed tree corresponding to an isolated superblock may have several
initial and final classes.
For instance the condensation digraph for the matrix

Ay € € € 5 €
* Aoy € € € €
* * A33 9 9 3 (4)
* € e  Au € €
€ € € e Ass €
€ € € € *  Agg

can be seen in Figure 1 (note that here and elsewhere * indicates submatrix
different from ). It consists of two superblocks and six classes including three
initial and two final ones.



Figure 1: Condensation digraph for matrix (4)

Lemma 2.3 If ¢ € V(A),N; — N; and z[N;] # ¢ then x[N;] is finite. In
particular, £[N;] is finite.

Proof. Suppose that z € V(A, \) for some A € R. Fix s € N, such that z, > «.
Since N; — N; we have that for every r € N; there is a positive integer ¢
such that b,s > ¢ where B = A? = (b;;). Since z € V(B,A?) we also have
M@z, >bs Qxs >e. Hence z, >c. =

Theorem 2.2 (Spectral Theorem) Let (8) be an FNF of a matrizc A = (a;5) €

=NnXn

R . Then
AA) = (AA): A(Ayy) = ma A(Ai)}.
Proof. Note first that

i=1,...,7

for a matrix A in FNF (3).

Suppose A(A4;;) = max{A\(A4;); N, — N;} for some j € R = {1,...,7}.
Denote Sy = {i € R;N; — N;}, S1 = R— S5, M, = U N; (p=1,2). Then

€8,
AlM

A(A4;;) = M(A[Ma]) and A ~ ( [* 1 A[f%] ) .

If A(A;;) = ¢ then at least one column, say ¢*" in A[M>] is e. We set ¢ to
any real number and x; = ¢ for j # [. Then z € V(4, A(4,;)).

If A(4,;) > € then A[M>] has a finite eigenvector by Theorem 1.3, say Z. Set
z[Ms] = Z and z[Mq] = €. Then = = (2[M], x[Ms]) € V(A4, A(4;5)).

Suppose now x € V(A,\).

If A = ¢ then A has an ¢ column, say k*", thus ay, = . Hence the 1 x
1 submatrix (axy) is a diagonal block in an FNF of A. In the corresponding
decomposition of N one of the sets, say Ny, is {k}. The set {i; N; — N;} = {j}
and the theorem statement follows.

If A >cand z € VT(A) then A = A(A) (cf. Theorem 1.3) and the statement
now follows from (5).



If A\ > cand z ¢ VT (A) then similarly as in the proof of Lemma 2.2 permute
€]
x

the rows and columns of A simultaneously so that z = 9) |, where M) =

2
A(21) A(22)
we can assume without loss of generality that both A and A?) are in an

AQD €
FNF and therefore also ( 42D 42 ) is in an FNF. Let

P .(2) n— A0 €
e e R ,z® e R"P for some p (1 <p<n). Hence A ~ and

Ailil 9 e
A01) Aigiy  Aigiy €
A'lsll .A1/§742 e Alglg
Ais+1is+1 3 9
A(22) Ais+2is+1 Ais+2is+2 3
Aijicer Aigivys Aii,

We have A = A(A®?)) = \(4;) = max;—s 11,4 MAs;) where j € {s+1,...,q}.
It remains to say that if N; — N; theni e {s+1,....,q}. m

Note that this Theorem has already been proved in [13] and [3]. Spectral
properties of reducible matrices were also studied in [4]. Significant correlation
exists between the max-algebraic spectral theory and that for non-negative ma-
trices in linear algebra [21], [5], see also [20]. For instance the Frobenius normal
form and accessibility between classes play a key role in both theories. The max-
imum cycle mean corresponds to the Perron root for irreducible (nonnegative)
matrices and finite eigenvectors in max-algebra correspond to positive eigenvec-
tors in the non-negative spectral theory. However there are also differences, see
Remark 3.2 after Theorem 3.2 below.

Let A be in the FNF (3). If

A(4jj) = A A(Ai)

then A;; (and also N or just j) will be called spectral. Thus A(A;;) € A(A) if
j is spectral but not necessarily the other way round.

Corollary 2.1 All initial classes of C'4 are spectral.

Proof. Initial classes have no predecessors and so the condition of the Theorem
is satisfied. m

Corollary 2.2 A\(A) € A(A) for every matriz A.

Proof. If Aisin an FNF, say (3), then A(4) = max;=1,.. , A(As) = A(4;;) for
some j and so the condition of the Theorem is satisfied. m



Figure 2: A condensation digraph with six spectral nodes

Corollary 2.3 1 < [A(A)| < n for every Ac R"".

Proof. Follows from the previous corollary and from the fact that the number
of classes of A is at most n. m

Corollary 2.4 V(A) = V(A,A(A4)) if and only if all initial classes have the
same eigenvalue A(A).

Proof. The eigenvalues of all initial classes are in A(A) since all initial classes
are spectral, hence all must be equal to A(A) if A(A) = {A(4)}. On the other
hand, if all initial classes have the same eigenvalue A(A), and A is the eigenvalue
of any spectral class then

since there is a path from some initial class to this class and thus A = A(A). =
Figure 2 shows a condensation digraph with 14 classes including two ini-

tial classes and four final ones. The numbers indicate the eigenvalues of the
corresponding classes. Six bold classes are spectral, the others are not.

10



3 Finding All Eigenvectors

Note that the unique eigenvalues of all classes (that is diagonal blocks of an
FNF) can be found in O(n?®) time by applying Karp’s algorithm (see Section
1) to each block. The condition for identifying all spectral submatrices in an
FNF provided in Theorem 2.2 enables us to find them in O(r?) < O(n?) time
by applying standard reachability algorithms to Cjy.

Let A € R"™" be in the FNF (3), Ny,..., N, be the classes of A and R =
{1,...,7}. Suppose A € A(A),\ > ¢ and denote I(\) = {i € R;A\(N;) = \,N;
spectral}. Similarly as in Section 1 we denote (A" @ A) = (gi;) = (g1, -+, Gn)-
Note that T(A™' ® A) may now include entries equal to 4+co. Let us denote

i€I(X) i€I(N)

Two nodes i and j in E(\) are called A - equivalent (notation i ~y j) if 4
and j belong to the same cycle of cycle mean .

—nXn

Theorem 3.1 Suppose A € R and A € A(A),\ > ¢e. Then g; € R" for all
j € E(X\) and a basis of V(A, X) can be obtained by taking one g; for each ~x
equivalence class.

Proof. Let us denote M = |J N;. By Lemma 2.1 we may assume without
i€I(N)
loss of generality that A is of the form

(0 apia)

o ¢
o C
where C = T((A\(A[M, M]))~! @ A[M, M]), and the theorem statement now

follows by Theorems 1.1 and 1.2 since A = A(A[M, M]) and thus ~) equivalence
for A is identical with ~ equivalence for A[M, M]. m

Hence

Corollary 3.1 A basis of V(A,)) for A\ € A(A) can be found using O(n?)
operations and we have

VAN ={TA\ @A) ®@z2eR" 2z =¢ for all j ¢ E\)}.
Alternatively, it follows from the proofs of Lemma 2.2 and Theorem 2.2 that
V(A, \) can also be found as follows: If I(\) = {j} then define

My= J Ni,M; =N — M.
NiHN]'

11



Hence
V(AN = {z;2[My] = &, 2[Ms] € VT (A[Msy, Ms))}.

If the set I(\) consists of more than one index then the same process has to be
repeated for each nonempty subset of I()) that is for each J C I(\),J # 0 we
set = |J N, and
j€J
My= |J Ny, My=N — M.
N;—S

Theorem 3.2 VT (A) # 0 if and only if A(A) is the eigenvalue of all final
classes (in all superblocks).

Proof. The set M; in the above construction must be empty to obtain a
finite eigenvector, hence a class in S must be reachable from every class of its
superblock. This is only possible if S is the set of all final classes since no class
is reachable from a final class (other than the final class itself). Conversely, if all
final classes have the same eigenvalue A(A) then for A = A(A) the set S contains
all the final classes, they are reachable from all classes of their superblocks, and
consequently M7 = (), yielding a finite eigenvector. m

Corollary 3.2 VT(A) = 0 if and only if a final class has eigenvalue less than
A(A4).

Remark 3.1 Note that a final class with eigenvalue less than A(A) may not be
spectral and so A(A) = {\(A)} is possible even if VT (A) = 0. For instance in
the case of

1
A= €
0

oo m
— M 0

we have A\(A) =1, but V*(A) = 0.

Remark 3.2 Following the terminology of non-negative matrices we say that a
class is basic if its eigenvalue is A(A). It folows from Theorem 3.2 that VT (A)
= 0 if basic classes and final classes coincide. Obviously this requirement is not
necessary, which is in contrast to the spectral theory of nonnegative matrices
where for A to have a positive eigenvector it is necessary and sufficient that
basic classes (that is those whose eigenvalue is the Perron root) are exactly the
final classes.

Remark 3.3 By Corollary 2.2 for any matriz A at least one of the sets V (A, A\(A))—
V(A N(A)), VT(A,\(A)) is nonempty. We had

V(A NA)) = V(A NA) # 0= VT (A NA)
i the previous example. For any irreducible matriz we have
V(A NA)) = V(A NA) =0 # V(A NA)

and both sets are nonempty if for instance A = I.

12



4 Robustness of matrices

Let A= (ay;) € R"" and z € R". The orbit of A with starting vector z is the
sequence O(A,z) = {A"®@xz; r=0,1,...}. Let V'(A) = V(A) — {e}.
Let
T(A) = {z e R";0(A, ) N V'(A) # 0}.

Obviously, N
V/(A) CT(A) CR" —{e}
holds for every matrix A € RrR"

It may happen that T'(A) = V'(A), for instance when A is the irreducible

0 : Here A(A) = 0 and by Theorem 1.3

. —1
matmx( 0 —1

V'(A) = {a® (0,0)T;a € R}.

Since

A ( ) (max(a — 1,b), max(a, b — 1))7,
a
b

&
we have that A ® < € V'(A) if and only if a = b, that is A®@ z € V'(A) if

and only if x € V/(A). Hence T(A) = V'(A). -
T(A) may also be different from both V’/(A) and R" — {e} : Consider the
irreducible matrix

-1 0 -1
A= 0 -1 -1
-1 -1 0

Here A(A) = 0and z = (-2, -2,0)T ¢ V'(A), but A®z = (-1,-1,0)T € V'(A),
showing that T'(A) # V'(A). At the same time if y = (0, —1,0)7 then A* ® y is
y for k even and (—1,0,0)” for k odd, showing that y ¢ T(A).

Definition 4.1 If T(A) =R" — {e} then A is called robust.

Hence A is robust if and only if for every x € R,z +# ¢ we have AFtl @ o =
A ® A* @ z for some positive integer k and A € A(A). It is easily proved that if
A ~ B then A is robust if and only if B is robust. Therefore we may without
loss of generality investigate robustness of matrices arising from a given matrix
by a simultaneous permutation of the rows and columns.

Now we present some characterizations of robust matrices. First we observe
that matrices with an & column are not robust.

Following the terminology introduced in [11] we say that A is column R-astic
if it has no € column.
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Lemma 4.1 If A € R"™" is column R-astic and z £ ¢ then A* @ x # ¢ for

every k. Hence if A € R"™"™ is column R-astic then A* is column R-astic for
every k. This is true in particular when A is irreducible and n > 1.

Proof. Immediate from definition. ®

Note that every node of a non-trivial strongly connected digraph has at least
one incoming arc and so every irreducible n X n matrix (n > 1) is column R-astic
(but not conversely).

We say that A = (a;;) € R" " is ultimately periodic of period p if there is a
natural number p such that the following holds for some A € R and kg natural:

AFtP = AP @ AF for all k > k.

If p is the smallest natural number with this property then we call p the period of
A and denote it as p(A). If A is not ultimately periodic then we set p(A4) = +oo.
It is easily seen that A = A\(A) and every column of A¥ is in V (AP, \P) if p =
p(A) < +00 and A is column R-astic. Robustness of irreducible matrices was
studied in [7] and we now mention some results of that paper before we proceed
with the reducible case. Note that if A is the 1 x 1 matrix (¢) then A is
irreducible, p(A) = 1 but A is not robust. This is an exceptional case that has
to be excluded in the statements that follow.

Theorem 4.1 [7] Let A € R"™" be irreducible, A # . Then A is robust if and
only if p(A) = 1.

Corollary 4.1 [7] Let A € R™™" be irreducible, A # ¢. If p(A) = 1,z # € then
AF ® x is finite for all sufficiently big k.

It was shown in [7] how the next statement follows from the results in [6],
Theorem 3.4.5.

Theorem 4.2 Let A = (a;5) € R"™" be irreducible. Then A is irreducible for
every k =1,2, ... if and only if the lengths of all cycles in D4 are co-prime.

=NnXn

Theorem 4.3 Let A= (a;;) € R ", A # ¢ be irreducible. Then A is robust if
and only if the eigenspaces of A* coincide for every k= 1,2, ....

Previous results are closely related to the famous "Cyclicity Theorem", The-
orem 4.4 below. For this we need to introduce a few more concepts: Let D’ be
a maximal strongly connected subdigraph of a digraph D. Then D’ is called
a strongly connected component of D and the greatest common divisor of all
directed cycles in D’ is called the cyclicity of D', notation o(D’). By definition
o(D’) =1 if D’ consists only of a single node. The cyclicity of D is the least
common multiple of cyclicities of all strongly connected components of D.

Theorem 4.4 Every irreducible matriz A is ultimately periodic and p(A) =
o(C(A)).

14



Corollary 4.2 Let A = (a;;) € R"™" be irreducible and robust. Then A* is
irreducible for every k=1,2,....

Proof. If the lengths of all critical cycles in D4 are co-prime then also the
lengths of all cycles are co-prime. The rest follows from Theorem 4.2. =

Note that the "if" statement of Theorem 4.1 follows immediately from The-
orem 4.4.

First part of Theorem 4.4 was proved for finite matrices in [11]. A proof of
the whole statement was presented in [8], see also [9] for an overview without
proofs. A proof in a more general setting covering the case of finite matrices is
given in [19]. The irreducible case is also proved in [1], [17], [2] and [14]. Note
that a different generalization to the reducible case is studied in [15].

We now continue by studying robustness of reducible matrices. Theorem 4.1

can straightforwardly be generalized to a class of reducible matrices:

Theorem 4.5 Let A € R"™" be column R-astic and [A(A)| =1 (thatis A(A) =
{A(A)}). Then A is robust if and only if p(A) = 1.

Proof. Let p(A) = 1,2 € R" — {¢} and k > ko. Then 4* @ z € R" — {&} by
Lemma 4.1, A @ 2 = A®@ A¥ ® 2 and so A* @ x € V(A,)) and A\ = \(A).
Hence A is robust and all columns of A* are eigenvectors of A.

Now let A be robust and all columns of A% be eigenvectors of A corre-
sponding to the unique eigenvalue A\(A). Then A ® A% = \(A) ® A* and thus
A® Ak = \(A) ® A for all k > kg. Sop(A) =1. m

We will now characterise robust reducible matrices in general - we start with
two lemmas.

Lemma 4.2 If A€ R"™" is robust then e ¢ A(A).

Proof. If ¢ € A(A) then by Lemma 4.1 some column, say kth is e. Take z € R
so that z; = 0 and z; = ¢ for j # k. Then A* ® x = ¢ for every k and thus
A* @ x is never an eigenvector. m

Recall that if A = (a;5) € R"™" is in the FNF (3) and Ny,..., N, are the
classes of A then we have denoted R = {1,...,7}. If i € R then we now also

denote T; = {k € R; Nj, — N,} and M; = |J Nj. A class N; of A is called
JET;
trivial if N; contains only one index, say k, and ag, = €.

Lemma 4.3 If every non-trivial class of A € R™™" has etgenvalue 0 and period
1 then ARl = AF for some k.

Proof. We prove the statement by induction on the number of classes.

If A has only one class then either this class is trivial or A is irreducible. In
both cases the statement follows immediately.
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If A has at least two classes then by Lemma 2.1 we can assume without loss

of generality:
A11 9
A =
< Ao Az )

Ak €
Ak, _ 11
(% )

e . .
Be= Y AL An@A.
itj=k—1

and thus

where

By the induction hypothesis there are k; and ks such that
ARt = Ak and Al = Al
It is sufficient now to prove that
® ) .
By=Y {ap0anealii<kj<kii=khoj=k} (6

holds for all & > ki + ko + 1.
For all 4, j we have

Ay ® Agy ® Al = Ay ® Ay ® Al

where i’ = min(i, k2), 7’ = min(j, k1). If i + 5+ 1=k > k1 + k2 + 1 then either
i > ko or j > ky. Hence either i’ = ko or j' = k1 and therefore < in (4) follows.
For > let ¢ = ko (say) and j < ky. Since k > k1 + ks +1 > 54+ i+ 1, we have
k—j—12>1i=ky and thus

Ay @ Ay @ Al = AY771 @ Ay @ AT, < By

Theorem 4.6 Let A € @WXH,A # ¢ be in the FNF (3), Ny, ..., N, be the classes
of A and R={1,...,r}. Then A is robust if and only if the following hold:

1. All non-trivial classes Ny, ..., N, are spectral.

2. If i,j € R,N;,N; are non-trivial and ¢ ¢ T; and j ¢ T; then A(N;) =
A(N;).

3. p(Aj;) =1 forall j € R.

Proof. If »r = 1 then A is irreducible and the statement follows by Theorem
4.1. We will therefore assume r > 2 in this proof.
Let A be robust.
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1. Leti € R,A;; #eand x € R" be defined by taking any zs € R for s € M;

and x5 = ¢ for s ¢ M;. Then Al @ 2 = A ®@ A¥ ® z for some k and
A € A(A). Let z = A¥ @ z. Then z[M,] is finite since A[M;] has no e row
and A[M;]|®z[M;] = (A®2)[M;] = A®z[M;] and thus z[M;] € VT (A[M;]).
By Lemma 4.2 A > € and so by Theorem 1.3 then A(N;) < A (N;) for all
t € T;. Hence N; is spectral.

. Suppose i,j € R, N;, N; are non-trivial and ¢ ¢ T, j ¢ T;. Let « € R" be

defined by taking any z[N;] € VT (A[N;]), z[N;] € VT (A[N,]) and s = ¢
for s € N—N;UN;. Then A*"1 @z = A® A¥®@x for some k and A € A(A).
Denote z = A¥ ® x. Then z[N,] is finite. Since i ¢ T} we have a,,, = ¢ for
all u € N; and v € N;. Hence

A @ z[N;] = (A® 2)[N;] = A[N;] @ z[Nj]
and so by Theorem 1.3 A\(N;) = A. Similarly it is proved that A(N;) = A.

Let j € R and A[N;] # ¢ (otherwise the statement follows trivially). Let
z € R" be any vector such that z # ¢ and z, = ¢ for s ¢ Nj;. Then
Al @ x = A\ ® A* ® z for some k and A € A(A). Let 2 = A¥ @ x. Since
z[N;] = (A[N;])* ® z[N;] we may assume without loss of generality that
z[Nj;] is finite due to Corollary 4.1. At the same time A[N;] ® z[N;]| =
(A® 2)[N;] = A ® z[N;] and thus z[N;] € V(A[N;]). Hence A[N;] is
irreducible and robust. Thus by Theorem 4.1 p (A[N;]) = p(4,;) = 1.

Suppose now that conditions 1.-3. are satisfied. We prove then that A is
robust by induction on the number of classes of A. As already observed at the
beginning of this proof the case r = 1 follows from Theorem 4.1. Suppose now
that r > 2 and let z € R", z # €. Let

U={ieN;3j)i — j,zj #¢c}.

We have

and

(A* @ 2) [U] = (A[U,U)" @ 2[U]

(Ak®x)i =¢

for i ¢ U. Therefore we may assume without loss of generality that U = N. Let
M Dbe a final class in Cy, clearly x[M] # € by the definition of U. Let us denote

S = {ieN;(3jeM)(i— j)}
S = N\S.

By Lemma 2.1 we may assume without loss of generality that

All 3 9
A= Ag1 Axp Ass
3 3 A33
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where the individual blocks correspond (in this order) to the sets M, S\ M and
S’ respectively. Let us define 2% = A* @ « for all integers k > 0. We also set

of = 2F[M]
a5 = 2F[S\ M|
= ]
Obviously,
xlfH = A ® x’f
¥t = Ay @b @ Ay @1k @ Az @ 2k
x’§+1 = A33® :E§

Assume first that M is non-trivial. Then A(A11) # € and by taking (if necessary)
(MA11)) "' @ A instead of A, we may assume without loss of generality that
A(A11) = 0. By assumption 3 and Theorem 4.4 we have A¥1T' = A¥1 for some
k1. By assumption 2 every class of Ass has eigenvalue 0. Since each of these
classes has also period 1 by assumption 3, it follows from Lemma 4.3 that

A’;g“ = A’;g for some k3. We may also assume without loss of generality that
0
1‘1 = X

= =z

WK —= N

T
xT

W =

Therefore
$§+1 =An® 33(1) ® Az ® 33]5 ® Azz ® 33(3).

Let v = Ay ® 29 & Agz @ 2Y. We deduce that
of = A5 @15 @ (A5 ... ® A%) ® v (7)

for all k. Moreover, A(Aaz) < A(A;1) = 0 since M is spectral by assumption 1.
Hence
AT @ L @AYy =T (Agy)

for all & > n. Note that z{ is finite as an eigenvector of the irreducible matrix
Aj1. Also, since every node in S has access to M, the vector I' (Ag2) ® Az @27 is
finite and hence also I' (A22) ® v is finite. If A(A2z) < 0 then A5, ® 2§ — —o0
as k — oo and we deduce that x5 = T'(As) ® v for all k big enough. If
)\(AQQ) = 0 then

At = A3

by the induction hypothesis and thus
w5 = A3 ®af & T (Ag) @ v

for all k& > max(kl, k‘g, k‘3)
It remains to consider the case when A;; is trivial. Then x’f =cforallk >1

and we have i1
zy Y\ (A Ag 2 s
:E1§+1 € A33 JZ§
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for all £ > 1. We apply the induction hypothesis to the matrix

Asy A
g A33

and deduce that 2*t1 = z* for k sufficiently big. This completes the proof. m

Example 4.1 Let A = , thus v = 3,A(A) = {0,1,2},N; =

O M N
O = M
S M M

0
{4},;i=1,2,3.Ifx=1| 0 |, then O(A,x) is

0
2 4 6 8
L2003 -1 4]
0 2 4 6

which obviously will never reach an eigenvector. The reason is that 1 ¢ To,2 ¢
T1 but A(N1) # A(N2).

2 e ¢
Example 4.2 Let A= | ¢ ¢ ¢ |,thusr =3,A(A)={0,2},N; ={j},j =
0 00

1,2, 3. This matriz is robust since both non-trivial classes (N1 and N3) are spec-
tral, p(Ay) =1 (0 = 1,2,3) and there are no non-trivial classes N;, N; such

0
that i ¢ T; and j ¢ T;. Indeed, if x = [ 0 |, then O(A,x) is
0
2 4 6 8
e, e |l e|.| ],
0 2 4 6

hence an eigenvector is reached in the first step.

Note that requirements 1. to 3. of Theorem 4.6 imply that every robust
matrix A either has only one superblock or |[A(A)| = 1. Obviously this restricts
the concept of robustness for reducible matrices quite significantly. Therefore
we aim to introduce a modification of robustness and provide a criterion which
will enable us to characterise a wider class of matrices displaying robustness
properties reflecting the rich spectral structure of reducible matrices.

We start with a simple observation.

A’ €
Lemma 4.4 Let A = < o AM]

) be column R-astic, x € @", M C N and
y=A*®@x. If 2[N — M| = ¢ then y[N — M| = e.
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Proof. Straightforward. m

Let z € R". The set {j € N;z; > €} is called the support of z, notation
s(x). Lemma 4.4 is implying that if M is the support of an eigenvector and
s(x) € M then s(A* ® ) C M for all positive integers k. This motivates the
following definitions:

Definition 4.2 Let A = (a;5) € R"™" be in an FNF. Then M C N s called
regular if for some A there is an x € V(A, \) with x[M] finite and x[N — M| = e.
We also denote A = \(M).

Remark 4.1 Fuven if M is regular there still may exist an x € V (A, A\(M)) with
x; = ¢ for some j € M.

Since for a given matrix the finiteness structure of all eigenvectors is well
described (see Section 3) we aim to characterise matrices for which an eigenvec-
tor in V/(A, A(M)) for a given regular set M is reached with any starting vector
whose support is a subset of M.

It follows from the decription of V(A) in Section 3 that M is regular if and
only if there exist spectral indices 41, ..., is for some s such that M = {i € N;i —
Ni1 U...u Nlé}

Let M C N. We denote

n

R'(M) = {z € B — {e}: (vVj € N = M)(z; =¢) ).
Definition 4.3 Let A = (a;;) € R"™" be a column R-astic matriz in an FNF

and M C N be reqular. Then A will be called M -robust if
(Ve e R"(M))(3k)A* @ = € V(A, \(M)).

Theorem 4.7 Let A = (a;;) € R"™" be a column R-astic matriz in an FNF,
M C N be regular and B = A[M]. Then A is M —robust if and only if p(B) = 1.

B

Supose that A is M-robust. Take z = A;,j € M. Then = € R" (M) because
A (and therefore also B) is column R-astic and there is a k; such that A¥® A4; €

V(A,A(M)) for all k> k;. Since A; = ( ATM] ) , we have
J

Proof. Without loss of generality let A = < A[N _ M} e ) .

120 4) = po (o an ) =200 (5ol )

Hence, for £ > max;cy k; there is

Bk+2 _ )\(M) ® Bk+1
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that is p(B) = 1 with A = A(M).
Suppose now B*t1 = \® B¥ for some X and for all k > kq. If the FNF of B
is

Bl €
B = :
B,
then
BY €
Bk’ _ .
Bk
and so B;"H = A® BF (i = 1,..,7). But since every B, is irreducible,

A=XB;)=AXM) (i=1,..,7). Let M = M7U...UM, be the partition of M de-
termined by the FNF of B. Let z € R" (M), z = (¢[N—M] = &, z[My], ..., [ M,])
and let

s = min{i; x[M;] # €}.

Denote y = A* @ 2,y = (y[N — M],y[Mi],...,y[M,]). Clearly, y[N — M| = ¢
and
y[M,] = B* @ o[M,] # ¢

since B; is irreducible (note that using Corollary 4.1 it would be possible to
prove here that y[M;] is finite for all i > s). Hence y € R (M). At the same
time

Bl @ o[M] = A ® B* @ z[M]

and

y= < BF ®Ex[M] )

Therefore

Aoy = ( B®Bk€®x[M] ) =AM)® ( Bk®€:z:[M] ) =AM) ®y.

We conclude that y € V(A, A\(M)). =

References

[1] M.Akian, S.Gaubert and C.Walsh, Discrete max-plus spectral theory ESI
Preprint 1485. Appears in Idempotent Mathematics and Mathematical
Physics, G.L. Litvinov and V.P. Maslov, Eds, vol. 377 of Contemporary
Mathematics, pp. 53-77, AMS, 2005.

[2] F.L.Baccelli, G. Cohen, G.-J. Olsder and J.-P. Quadrat, Synchronization
and Linearity, John Wiley, Chichester, New York, 1992.

[3] R.B.Bapat, D.Stanford and P.van den Driessche, The eigenproblem in max
algebra, DMS-631-IR, University of Victoria, British Columbia, 1993.

21



[4]

[17]

R.B.Bapat, D.Stanford and P.van den Driessche, Pattern properties and
spectral inequalities in max algebra, STAM J.Matrix Anal.Appl.,16(3)964-
976, 1995.

A.Berman and R.J.Plemmons, Nonnegative matrices in the mathematical
sciences, Academic Press, 1979.

R.A.Brualdi and H.Ryser, Combinatorial Matriz Theory, Cambridge Uni-
versity Press (1991).

P.Butkovic and R.A.Cuninghame-Green, On matrix powers in max-algebra,
Linear Algebra and Its Applications 421 (2007) 370-381.

G.Cohen, D.Dubois, J.-P.Quadrat, M.Viot, Analyse du comportement péri-
odique de systémes de production par la théorie des dioides, Rapports de
Recherche No 191, INRIA, Le Chesnay, 1983.

G.Cohen, D.Dubois, J.-P.Quadrat, M.Viot, A Linear-System-Theoretic
View of Discrete-Event Processes and Its Use for Performance Evaluation
in Manufacturing, IEEE Transactions on Automatic Control, Vol. AC-30,
No3, 1985.

R.A.Cuninghame-Green, Describing industrial processes with interference
and approximating their steady-state behaviour, Oper.Res.Quart. 13(1962)
95-100.

R.A.Cuninghame-Green, Minimax Algebra. Lecture Notes in Economics
and Mathematical Systems 166, Berlin, Springer, 1979.

R.A.Cuninghame-Green, Minimax Algebra and Applications in: Advances
in Imaging and Electron Physics, vol. 90, pp. 1-121, Academic Press, New
York, 1995.

S.Gaubert, Théorie des systémes linéaires dans les dioides, These, Ecole
des Mines de Paris, 1992.

M.Gavalec, Linear matrix period in max-plus algebra, Linear Algebra and
Its Applications 307(2000) 167-182.

M.Gavalec, Polynomial algorithm for linear matrix period in max-plus al-
gebra, Central Europ.J.Oper.Res. 8 (2000) 247-258.

M.Gondran and M.Minoux, Valeurs propres et vecteur propres dans les
dioides et leur interprétation en théorie des graphes, Bulletin de la direction
des etudes et recherches, Serie C, Mathematiques et Informatiques, No 2,
1977 (25-41).

B.Heidergott, G.J.Olsder and J. van der Woude (2005), Max Plus at Work:
Modeling and Analysis of Synchronized Systems, A Course on Max-Plus
Algebra, PUP.

22



[18]

[19]

[20]

[21]

[22]

R. M. Karp. A characterization of the minimum cycle mean in a digraph.
Discrete Mathematics 23, 309-311, 1978.

R.D.Nussbaum, Convergence of iterates of a nonlinear operator arising in
statistical mechanics, Nonlinearity 4 (1991) 1223-1240.

K.H.Rosen et al, Handbook of discrete and combinatorial mathematics,
CRC Press 2000.

H.Schneider, The Influence of the Marked Reduced Graph of a Nonnegative
Matrix on the Jordan Form and on Related Properties: A Survey, Linear
Algebra and Its Applications 84:161-189 (1988).

N.N.Vorobjov, Extremal Algebra of Positive Matrices, Elektronische
Datenverarbeitung und Kybernetik 3 (1967) 39-71 (in Russian).

23



